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Abstract 
Damage detection using modal properties is a 
widely accepted method. However, quantifying 
such damage using modal properties is still not 
well established. With this in mind, a research 
project is presently underway towards the 
development of a procedure to detect, locate 
and quantify damage in structural components 
using the variations in modal properties. A 
novel vibration based parameter called 
Vibration based Damage Index is introduced 
into the damage assessment procedure. This 
paper presents the early part of the research 
project which treats flexural members. The 
proposed procedure is validated using 
experimental data and/or theoretical 
techniques and illustrated through application.  
Outcomes of this research highlight the ability 
of the proposed procedure to successfully 
detect, locate and quantify damage in flexural 
structural components using the modal 
properties of the first few modes. 
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1 Introduction 
Damage detection in structural components of 
bridges and buildings using modal properties is 
a reasonably well established method [1-4] as 
this method is non- destructive and can be 
readily applied to structural framing systems.  
 
When a structural component is subjected to 
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damage, its stiffness and mass distributions 
change. This change influences the natural 
frequencies and the corresponding modal 
vectors. 
 
The concept of using modal strain energy or 
it’s variations to detect and locate damage in 
structural components is reasonably well 
established due to its simplicity and the need 
for only the modal vectors of the damaged and 
undamaged cases.  Also, these modal vectors 
need not be mass normalized. Damage indices 
based on the modal strain energy concept have 
been developed for use with either single or  
multiple modes [5-9]. All the indices proposed 
by previous researchers can be used to detect 
and locate damage in structural components; 
but none of them can be used to quantify the 
damage. Motivated by this need, a research 
project is presently underway to establish a 
procedure which can not only detect and locate 
damage, but also quantify the damage. This 
paper presents the findings of the first phase of 
that research project for damage assessment in 
flexural structural components. It develops and 
presents a procedure incorporating an 
innovative parameter called the Vibration 
based Damage Index (VDI) to detect, locate 
and quantify the damage.  
 
2 Methodology 
 
This section presents the development of the 
Vibration based Damage Index (VDI) which 
depends on the modal strain energy and natural 
frequencies.  
    
2.1    Modal Strain Energy 
Modal strain energy Uji of the jth element of a 
beam for the ith mode is defined as  
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where E, I,  φi , i, Lj,  Lj+1,  are Young’s 
modulus, second moment of area, modal vector 
of ith mode , mode number,  locations of node j 
and  node j+1 respectively. 
 
The total modal strain energy of a beam for the 
ith mode is calculated using Equation (2), 
where L is the beam length.   
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Fractional strain energy of the jth element for 
the ith mode, Fji, is then give as: 
i
ji
ji U
U
F 
                    (3)
 
The ratio of the modal strain energy of the 
damaged to that of the healthy (undamaged) 
structural element j for the ith mode; βji can be 
defined as  
 
 
hji
dji
ji F
F
=
                (4) 
 
where (Fji)d and (Fji)h 
represent the fractional 
energy components for the damaged and 
undamaged cases respectively.  
Structural damage impacts significantly on 
modal properties; natural frequencies and the 
corresponding modal vectors of some modes. 
The modal properties of those modes can be 
used to capture the damage in the structural 
component efficiently and accurately.  
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Ratio of fractional energy components 
introduced in Equation 4 can be amended by 
incorporating only higher frequency change 
modes, n due to the damage as follows.       
  
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In this research, it has been observed that the 
peak(s) /maximum value of β at a location will 
indicate damage at that location. 
 
A similar expression can be developed for a 
plate member using the relevant equations of 
modal strain energy. Details of these can be 
found in [5].       
 
2.2 Frequency 
 
The stiffness of a structure is directly 
proportional to its natural frequencies and 
hence a stiffness reduction due to damage can 
be captured using changes in natural 
frequencies. Average percentage change in 
natural frequency Δf% for n modes (higher 
frequency change modes due to the damage) 
can be represented by Equation (6).    
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where fih and fid are natural frequencies of 
undamaged and damaged structural 
member for the ith mode. respectively.  
 
2.3 Vibration based Damage Index (VDI) 
 
In this research, the magnitude of damage is 
quantified using a parameter called Vibration 
based Damage Index (VDI) which depends on 
the modal strain energy and the natural 
frequencies, as expressed in Equation (8).   
ܸܦܫ ൌ ݂ሺ∆݂%,max	ሺߚሻሻ      
 (8) 
In the above equation, Δf% and max(β), the 
maximum value of β, can be obtained from 
Equations (6) and (5) respectively. VDI as 
defined in Equation (9) represents the damage 
intensity incorporating both the second 
moment of area and the length of the damaged 
and undamaged regions of a beam. 
hh
dd
LI
LIVDI                                    (9) 
In the equation above, Ld and Id are damaged 
length and second moment of area respectively 
while Lh and Ih are undamaged length and 
second moment of area respectively.  
 
VDI for plate has been developed using 
flexural stiffness component of plate and 
presented in Equation (10) below.   
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In the above equation, E, v  and h are Young’s 
Modulus, Poisson ratio and thickness of the 
plate respectively and subscripts; d and h 
represent the damaged and undamaged cases. 
Indices a and b represent damaged and 
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undamaged element respectively while n and m 
represent the total number of damaged and 
undamaged elements in the plate respectively.               
 
2.4 Parametric Study   
 
A parametric study was conducted using a 
beam structure in order to develop a 
relationship/equation among the parameters; 
VDI, max(β) and Δf%, as described below 
 
Shih [9] conducted experiments to evaluate the 
ability of damage indices to locate damage of 
beam and plate structural components. Figure 1 
shows the steel beam used in the experiments. 
Pin and roller supports were provided at the 
ends of the beam. Damage was inflicted on the 
beam through a cut, (10 x5x80mm) at the mid 
span as shown in Figure 2.  Modal properties; 
natural frequencies and the corresponding 
modal vectors of the first two bending modes 
of the beam for undamaged and damaged cases 
were obtained from the accelerometers 
deployed. More information on the 
experiments and the set-up can be found in [9]. 
The research work presented in this paper uses 
the results from Shih’s experiments on the steel 
beam [9], as described below.                                                             
 
Finite element models are developed using the 
STRAND7 [10] finite element program for the 
undamaged and damaged beams (as in the 
experiment) and modal properties are obtained 
from the modal analysis. Table 1 compares the 
natural frequencies of both the undamaged 
(healthy) and the damaged beam obtained from 
the experiment with those from the present 
numerical study. It is evident that the difference 
in the results is less than 5% for all cases. The 
mode shapes obtained in the present study also 
agreed well with those from the experiment. 
This validation provides confidence in the 
modeling techniques used in the present study.  
 
The validated finite element model of the beam 
was then used to conduct a parametric study to 
develop a relationship as shown in Equation 
(8). This parametric study incorporated several 
damage scenarios.  The beam was divided into 
five regions A to E as shown in Figure 3. For 
all damage cases the beam depth was reduced 
by 5mm, but five different damage lengths 
were considered to give a total of 25 damage 
cases as listed in Table 2. The first column in 
this Table specifies the damage case where the 
letter (A – E) denotes the beam region and the 
number (1- 5) denotes the damage length. For 
instance, B2 damage case represents 5mm 
cross section reduction, across a length of 60 
mm in region B of the beam. These damage 
cases were simulated in the finite element 
models which were then subjected to modal 
analysis to extract the natural frequencies and 
the corresponding modal vectors of the first 
five bending modes.  
 
 
 
 
 
 
   Figure 1. Undamaged (healthy) beam [9]   
       
            Figure 2.  Damaged beam [9]   
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Higher frequency change modes due to the 
damage were identified using Equation (7)   
and the corresponding frequency changes and 
mode shapes were used to calculate the 
parameters; β and Δf%  using Equations (5) and 
(6) respectively while the corresponding VDI 
was calculated using Equation (9) based on the 
cross section dimensions and the corresponding 
lengths for each damage case 
 
Table 1. Natural frequencies of the 
undamaged and damaged beam 
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1 5.63 5.66 
 
0.53 
2 23.13 23.35 
 
0.95 
 
 
 
Figure 3 :  Beam with regions A to E 
 
 
 
 
 
Table 2. Damaged Cases 
 
Names of the damaged 
cases 
Damaged length 
(mm) 
A1,B1,C1,D1,E1 40 
A2,B2,C2,D2,E2 60 
A3,B3,C3,D3,E3 80 
A4,B4,C4,D4,E4 100 
A5,B5,C5,D5,E5 120 
 
The variation of β along the beam for damage 
case C2 is shown in Figure 4 where β has a 
peak at the damage location. This feature was 
also evident for all the damage cases listed in 
Table 2 and confirms that the parameter β can 
detect and locate damage in the beam.   
 
Δf%  and max(β)  (maximum value of β) and 
VDI for the different regions shown in Figure 3 
were calculated.  For each region, these 
parameters were plotted in three dimensional 
space and the best fit plane was determined 
using the regression analysis tool in MATLAB 
software [11]. 
 
Figure 4. Variation of β along beam for damage 
case C2 
 
Figure 5 shows the best fit plane (plate) for the 
region A. In this figure, X, Y and Z axes 
represent log(max(β)), Δf% and VDI 
respectively. Equation (Equation A) of this 
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plane (plate) was determined and equations for 
the best fit planes (plates) for the other regions 
were also similarly determined. These 
equations and the corresponding R2 values are 
tabulated in Table 3. As shown in this table, R2 
value of all the best fit planes are very close to 
1.0 highlighting the accuracy of the best fit 
planes determined in the present research.  
These equations were further validated using 
interpolation and extrapolation methods 
(implementing 30, 70 and 130mm damage 
lengths with 5mm reduction of the beam 
depth).  
 
Figure 5: Variation of VDI with modal 
properties: log(max(β)) and Δf% in region A 
 
Table 3: Expressions for VDI in regions A to E  
 
 
 
 
 
 
 
 
 
 
 
 
 
3  Procedure 
 
3.1 Application in Real Life 
  
The procedure for applying the proposed 
technique to real life beam structures is 
presented below. The procedure is also 
applicable to real life plate structures.  
 
Step 1, accelerometers are installed on the 
beam structure and modal properties are 
extracted and stored.  
 
Step 2: finite element model of the same beam 
structure is developed and validated using the 
modal updating technique.  
 
Step 3 (i): damage is implemented in the finite 
element model in different regions and modal 
properties are extracted for each damage case. 
(ii) based on the damage region and intensity, 
VDI is calculated using Equation 9. (iii) modal 
properties are extracted for the  undamaged and 
damaged cases for modes with higher 
frequency change caused by damage and then 
used to calculate the parameters β and Δf%  
using Equations 5 and 6 respectively. (iv)  
these parameters are used to develop the 
relationships among the parameters; max(β), 
Δf%, and VDI for the different regions in the 
structural member using regression analysis, as 
illustrated in the previous section.  
 
Step 4: inverse procedure (i): when it is 
required to assess damage during the service 
stage of this beam structure, modal properties 
are extracted using the outputs from the 
installed accelerometers. These modal 
properties, complemented and supplemented 
by those from the validated FE model of the 
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structure, are then used to calculate the 
parameter β and Δf% (defined in equations 5 
and 6 respectively). The variation of β is 
plotted along the length of the structural 
member and the damage location is identifies 
by a peak in its plot. The maximum value of β 
(max(β)) is then obtained from the plot.  
 
Step 5: inverse procedure (ii) values of max(β) 
and Δf% determined in step 4 are used  in the 
relationship among the parameters developed 
in step 3 to quantify the damage severity.  
 
3.2 Illustration 
 
The proposed procedure is illustrated and 
verified using the experimental data published 
by Shih [9]. A finite element model was 
developed and validated using the experimental 
data, as presented in section 2.4 above. The 
frequencies of the first two bending modes and 
the mode shape of the first bending mode were 
determined first for a healthy beam and then 
for a beam with a mid-span damage (Figure 2).  
 
Only the first mode was used in the illustration 
and verification process for the following 
reasons: (i) frequency change due to damage 
was higher for the first mode than that for the 
second mode and (ii) it is normally easier to 
obtain the modal properties of the first mode in 
most realistic cases. The vibration 
characteristics of the first mode were therefore 
used to calculate the parameters β and Δf% 
using Equations (5) and (6) respectively.  The 
variation of β along the beam was plotted as 
shown in Figure 6, in which there are peaks in 
the mid span region of the beam. This shows 
that β can locate the damage successfully. The 
maximum value of the β, max(β) obtained from 
this Figure and Δf% calculated earlier are then 
used to quantify the damage.  
 
Since the damage was identified at mid span, 
which is region C, values of the two 
parameters; max(β) and Δf%, were then 
substituted into Equation (C) in Table 3 to 
calculate VDI (VDI experiment)  for this damage 
case. The VDI (VDI theory) for this damage case 
was then calculated based on the damaged and 
undamaged lengths and the cross section 
properties of the beam which was tested [9]. 
Percentage difference between these two VDI 
values was 3.45%. The main reason for this 
difference is that only one mode (the first 
mode) was used in the present calculation 
because of the absence of modal properties of 
the higher modes in Shih’s experiments [9], but 
the equations developed previously (see Table 
3) included the effects of several modes. 
Incorporating the effects of more modes into 
the calculation will improve the accuracy of the 
final outcome (value of VDI). However, the 
difference is less than 5% highlighting the 
accuracy of the procedure developed and 
presented in this research.  This outcome also 
shows that the proposed procedure can be used 
to quantify damage in a beam using a single 
vibration mode, which is often the first mode.       
 
Figure 6: Variation of β for mid span damage 
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4   Conclusion 
 
Condition of flexural members such as beams 
and plates impacts on the serviceability and 
performance of structural systems. Detecting 
and quantifying damages in such structural 
components are therefore very important. 
 
Motivated by this need, a procedure to detect, 
locate and quantify damage in beams and 
plates using modal properties is developed. 
This paper presented the early part of this 
research. The developed procedure has been 
verified using experimental data and theoretical 
methods.  Outcome of the research work 
presented in this paper also highlights that the 
proposed procedure has the ability to detect, 
locate and quantify the damage using modal 
properties of the first few vibration modes. The 
work on damage quantification of plate 
structural component is in progress and some 
outcomes will be presented in the conference. 
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